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We consider the question of whether compressible nematic
gels are capable of sustaining hedgehogs (radially symmet-
ric point defects). As a basis for this work, we rely on a free-
energy density that extends the conventional molecular-
statistically derived expression for a nematic elastomer to
account for volumetric contributions. We consider the spe-
cial case of a gel cross-linked in a state where the mesogens
are randomly aligned and study the behavior of a spherical
specimen the boundary of which is subjected to a uniform
radial displacement or traction. For simplicity, we allow
only for distortions in which the molecular agglomeration
is uniaxial with constant anisotropy and, thus, is deter-
mined by a unit orientation ﬁeld. Even for relatively mild
displacements of the boundary or applied tractions, the ma-
terial shows an energetic preference for states involving a
hedgehog with locus at the center of the specimen.
1 Introduction
A nematic gel considered here is a lightly cross-
linked network of polymer molecules with rigid rod-
like mesogens incorporated directly as spacer-groups
or attached as pendant side-groups. Even before the
ﬁrst reported synthesis of such a material by Finkel-
mann et al. [1], de Gennes [2] predicted that inter-
actions between rubber elasticity and orientational
order would allow for a variety of unique mechano-
optical properties. Experiments have conﬁrmed this
prediction, revealing a rich spectrum of scientiﬁcally
intriguing phenomena, as described in the review ar-
ticles of Finkelmann [3], Zentel [4], Davis [5], and
Warner and Terentjev [6]. While technologies based
on nematic and other optically active gels and elas-
tomers have yet to arise, a variety of promising pos-
sibilities have been suggested, including light-guiding
substrates for integrated optics (Finkelmann [3]), bi-
focal contact lenses (DeSimone and Dolzmann [7]),
artiﬁcal muscle (Hebert et al. [8]), and tunable lasers
(Finkelmann et al. [9]).
The nematic gels that we consider are to be
distinguished from polymer-stabilized and polymer-
dispersed liquid-crystals (Dierking [10]), and from
clay-colloid suspensions (van Olphen [11])—all of
which manifest gel-like phases with nematic order.
These particular phases, like the materials considered
here, are often referred to as nematic gels. As ex-
plained by Clarke and Terentjev [12], although these
mixtures bear analogy to spin-glasses with random
anisotropy due to the presence of network cross-links,
the materials considered here resemble to spin-glasses
with random-magnet anisotropy.
As technological applications of liquid crystals have
grown over the past thirty years, so too has research
into the structure and importance of their defects.
Initially, defect-induced disruptions were the bane
of liquid crystal displays. These very defects are
presently being harnessed in the zenithal bistable dis-
play, which, unlike a traditional LCD display, does
not require sustained power to retain an image (Mot-
tram and Sluckin [14]). Also, the presence of de-
fects is necessary for the stabilization of some of the
blue phases observed in cholesteric liquid crystals,
wherein the regular three-dimensional lattice is ac-
tually composed of disclination lines (Meiboom et
al. [13]). In addition, recent research has shown
the important eﬀect of defects on the reduction of
the nematic-isotropic phase transition temperature
in nematic liquid-crystals (Mottram and Sluckin [14];
Mottram and Hogan [15]).
Since defects are of great importance in liquid crys-
talline melts, it is also likely that this will be the case
in nematic gels. Motivated by this belief, we herein
embark on a study of point defects in nematic gels. A
point defect in a nematic melt is at point at which the
director ﬁeld is undeﬁned—that is, a point at which
the material appears to be isotropic. By analogy, we
conceive of a point defect in a nematic gel as a point
1
at which the molecular agglomeration is spherical.
For simplicity, we focus on the question of whether
compressible nematic gels are capable of sustaining
symmetric point defects—that is, hedgehogs.
2 Model
To account for volumetric contributions to the free-
energy density of a compressible nematic gel, we use
the approach of Wall and Flory [17] to extend the
molecular-statistically derived free-energy density of
Warner et al. [16]. This yields a free-energy density
ψ of the form
ψ =
µ
2
(|A− 12FΛ 12 |2 − 2 log det(A− 12FΛ 12 )− 3),
(1)
where: F is the deformation gradient, subject to
detF > 0; A is the positive-deﬁnite and symmetric
molecular agglomeration; µ > 0 is the shear modulus;
and Λ is the positive-deﬁnite and symmetric molec-
ular agglomeration at the instant of cross-linking.
We restrict attention to a gel that has been cross-
linked in an isotropic state, in which case Λ = λ1 .
Without loss of generality, we take λ = 1. Further, we
consider only circumstances under which the molec-
ular agglomeration is uniaxial, so that
A = s−
1
3 (1 + (s− 1)n⊗n), (2)
with n the unit-vector valued orientation and s > 0
the constant molecular anisotropy.
For s = 1, (2) reduces to A = 1 and, granted
our assumption that Λ = 1 , the energy density (1)
becomes the expression 12µ(|F |2 − 2 log detF − 3) of
Wall and Flory [17]. More generally, assuming that
A is as given in (2) and that Λ = 1 , the free-energy
density can be written as a function ψˆ of F and n
with the explicit form
ψˆ(F ,n) =
µ
2
(
s
1
3 |F |2 − s− 1
s
2
3
|Fn|2
− 2 log detF − 3
)
. (3)
Associated with the free-energy density are the
Piola–Kirchhoﬀ stress
S =
ψˆ(F ,n)
∂F
= µ
(
s
1
3F − s− 1
s
2
3
n⊗Fn− F−
)
(4)
and the internal orientational force1
γ = − ψˆ(F ,n)
∂n
=
µ(s− 1)
s
2
3
(1 − n⊗n)FFn. (5)
1The partial derivative in (5) indicates diﬀerentiation on
the manifold associated with the constraint |n| = 1. Hence, γ
is orthogonal to n.
When external forces are absent, equilibrium dic-
tates that
DivS = 0 and γ = 0. (6)
3 Boundary-value problems
We consider a spherical specimen of radius R the
boundary of which is subjected to either a strictly
radial displacement or a strictly radial traction. Writ-
ing B = {x : |x| < R} for the region occupied by the
undeformed specimen and y for the deformation, we
express the displacement boundary condition as
y|∂R = (1 + α)Rer, er = x|x| , (7)
with α > 0 a dimensionless constant. Alternatively,
recalling the relation
T =
1
detF
SF (8)
for the Cauchy stress T in terms of the Piola–
Kirchhoﬀ and the deformation gradient, we express
the traction boundary condition as
1
detF
SFer
∣∣∣
∂R
=
µσ
s
2
3
er, (9)
with σ > 0 a dimensionless constant.
We assume that the deformation takes the
spherically-symmetric form
y(x) = Rg(r)er, r =
|x|
R
, (10)
with g dimensionless. The deformation gradient F =
Grady then depends only on the dimensionless radial
coordinate r and has the form
F (r) = g′(r)er⊗er + g(r)
r
(1 − er⊗er). (11)
Since
detF (r) =
g2(r)g′(r)
r2
> 0, (12)
g must obey
g(r) ≥ 0 and g′(r) > 0, (13)
for 0 ≤ r ≤ 1, as well as
g(r) ∼ r as r → 0. (14)
Further, we suppose that the director is either ra-
dial, viz.,
n = er, (15)
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or, when s = 1, undeﬁned. When s = 1, n = er
describes a state involving a hedgehog with locus at
the center of the specimen.
In view of (3), (11), and (15), it follows that
ψ(r) =
µ
2
( (g′(r))2
s
2
3
+
2s
1
3 g2(r)
r2
− 2 log
(g2(r)g′(r)
r2
)
− 3
)
. (16)
Similarly, (4), (11), and (15) give
S(r) = µ
(g′(r)
s
2
3
− 1
g′(r)
)
er⊗er
+ µ
(s 13 g(r)
r
− r
g(r)
)
(1 − er⊗er), (17)
while (5), (11), and (15) yield
γ(r) =
µ(s− 1)
s
2
3
(1 − er⊗er)(g′(r))2er = 0. (18)
Thus, the equilibrium requirement (6)1 collapses to
the diﬀerential equation
(
r2g′(r)− s
2
3 r2
g′(r)
)′
= 2s
2
3
(
s
1
3 g(r)− r
2
g(r)
)
, (19)
for g on (0, 1), while the equilibrium requirement (6)2
is satisﬁed identically.
The asymptotic restriction (14) yields the condi-
tion
g(0) = 0 (20)
at the center of the specimen. On the boundary of the
specimen, we have either the displacement condition
(7) or the traction condition (9). In view of (10), the
displacement condition is simply
g(1) = 1 + α. (21)
Alternatively, in view of (4) and (11), the traction
condition reduces to
g′(1)− s
2
3
g′(1)
= σg2(1). (22)
When s = 1, solutions g to the displacement and
traction problems for (19) simply describe conven-
tional compressible nonlinearly elastic response. Our
interest here is in the anisotropic case s = 1. When
= 1, a solution g to either of our problems deter-
mines through (10) a ﬁeld y that describes the defor-
mation that accompanies the point-defective director
ﬁeld n = er. Of course, both y and n are induced by
r
g
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Figure 1: Plots of the solution g to the displacement
problem with α = 0.01 and s taking various values
between 0.1 and 10.
the displacement or traction applied to the bound-
ary of the specimen. These ﬁelds describe a state,
induced by the displacement or traction applied to
the boundary of the specimen, involving a hedgehog.
In discussing hedgehogs, it is not suﬃcient to merely
show that displacement and/or traction problems for
(19) possess solutions. We must also explore whether
there is an energetic preference for such solutions.
4 Numerical Results
To obtain numerical solutions, we recast the
boundary-value problems presented in the previous
section in equivalent variational forms. For the so-
lution procedure, we used a Newton–Raphson itera-
tion. We obtained linearizations of the resulting weak
formulations, and constructed approximate solutions
using a piecewise linear ﬁnite-element space. Unless
otherwise noted, results are reported for a mesh con-
sisting of 495 elements with nodal spacing focused to-
ward the origin. In all cases, quadratic convergence
was observed.
4.1 Displacement problem
Figure 1 shows plots, for α = 0.01 and various values
of the anisotropy s, of numerically generated solu-
tions to the boundary-value problem involving (19),
(20), and (21). For s = 1, the numerical solution ap-
pears to be linear with slope 1 + α = 1.01, which is
consistent with the exact solution (1+α)x which, for
all α > 0, satisﬁes (19) when s = 1 as well as (20) and
(21). For s = 1, the numerical solutions are no longer
linear. Under these circumstances, the molecular ag-
glomeration A = s
1
3 (1 + (s− 1)er⊗er) describes an
ellipsoid of revolution, oblate for 0 < s < 1 and pro-
late for s > 1, about the radial direction er. In the
oblate case 0 < s < 1, the numerical solutions lie
above the solution obtained for s = 1. These solu-
tions show that, with decreasing s, the derivative g′ of
3
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Figure 2: Plots of the derivative g′ of the solution g to
the displacement problem with α = 0.01 and s = 0.1,
s = 1.0, and s = 10.0.
g grows more rapidly near the locus of the hedgehog
and more slowly near the boundary of the specimen.
In the prolate case s > 1, the situation is reversed.
The solutions lie below that obtained for s = 1 and
grow more slowly near the locus of the hedgehog and
more rapidly near the boundary of the specimen.
Figure 2 shows plots of g′ for α = 0.01 and var-
ious values of the anisotropy s. We note that, by
virtue of (12), the behavior of detF resembles qual-
itatively that of g′. Consistent with the foregoing
observations, the plots indicate that the presence of
a hedgehog leads to a local volumetric expansion or
contraction depending on whether 0 < s < 1 or s > 1,
respectively. As can be inferred from Figure 2, volu-
metric variations occurring near the boundary of the
specimen accompany these eﬀects: mild volumetric
contraction or expansion occurs near the boundary
depending upon whether 0 < s < 1 or s > 1. We also
note that for small s, the sharp increase of g′ near
the locus of the hedgehog leads to an apparent sin-
gularity in detF . Finally, we remark that for larger
values of α, results qualitatively similar to those dis-
cussed above for α = 0.01 were observed. Increasing
α raises the level of the displacement ﬁeld somewhat
uniformly, with detF also increasing near r = 1 for
s > 1 and near r = 0 for s < 0.
We next examine the components of the Cauchy
stress T in the deformed conﬁguration. Figures 3–4
show, for α = 0.01 and several values of s, the dimen-
sionless radial stress (er⊗er) · T /µ and the dimen-
sionless hoop stress (1 − er⊗er) · T /µ as a function
of dimensionless position |y|/R = g. For small s, we
note that a slightly negative radial stress exists in a
neighborhood of the boundary of the specimen. This
indicates that the prescribed deformation of α = 0.01
is below that which would occur if the boundary were
traction free, and in fact this is demonstrated in Sec-
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Figure 3: Plots of the radial component (er⊗er)·T /µ
of the dimensionless Cauchy stress for α = 0.01 and
s = 0.1, s = 1.0, and s = 2.0.
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Figure 4: Plots of the hoop component (1 −er⊗er) ·
T /µ of the dimensionless Cauchy stress for α = 0.01
and and s = 0.1, s = 1.0, and s = 2.0.
tion 4.2. We also observe that, for s > 1, both stress
components exhibit singular behavior near the origin
of the specimen. This can be traced to the form (8) of
the Cauchy stress, the expression (12) for detF , and
the fact that, for s > 1, g′ decreases with increasing
s. The physical interpretation of these results is that,
for a purely axial deformation of the sort considered
here, values of s greater than unity are not likely to
be observed.
The numerical solutions show that compressible ne-
matic gels may support hedgehogs. To determine
whether we should expect to observe these defects,
we examine the total free-energy,
E = 4πR3
∫ 1
0
ψ(r)r2 dr, (23)
of the specimen, with ψ given by (16). In Figure 5,
we provide a surface plot of the dimensionless total
free-energy E/4πR3µ for a variety of choices of the
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Figure 5: Surface plot of the dimensionless total free-
energy E/4πR3µ for α ranging between 0 and 1.0 and
s ranging between 0.05 and 2.0.
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Figure 6: Plots of the dimensionless total free-energy
E/4πR3µ for α taking various values between 0 and
0.7 and s ranging between 0.05 and 1.2.
anisotropy s and the dimensionless displacement α
at the boundary of the specimen. An additional plot
showing lines of this surface for various choices of
ﬁxed α is provided in Figure 6. For α suﬃciently large
and s suﬃciently small, these plots exhibit a decrease
of the dimensionless total free-energy. When s = 1,
the medium behaves as a compressible isotropic rub-
ber and the state is defect-free. However, Figures 5–
6 indicate that, for α ≥ 0.4, states with suﬃciently
oblate anisotropy (s < 1 and small) are preferred en-
ergetically over isotropic states. Furthermore, once
α ≥ 0.6, the total free energy decreases monotoni-
cally as s → 0. Finally, we remark that while these
levels (α > 0.4) of deformation are signiﬁcant, they
are not extreme for gel-like materials.
4.2 Traction problem
Figure 7 shows plots, for σ = 0.01 and various values
of the anisotropy s, of numerically generated solu-
tions to the boundary-value problem involving (19),
(20), and (22). Except for the behavior at r = 1,
r
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Figure 7: Plots of the solution g to the traction prob-
lem with σ = 0.01 and s taking various values be-
tween 0.1 and 10.
the qualitative features of these solutions are identi-
cal to those obtained for the displacement problem.
For s = 1, the numerical solution appears to be lin-
ear with slope 1.0051, approximating the Neumann
boundary condition (22) very well. For s = 1, the nu-
merical solutions are no longer linear and lie above or
below the solution for s = 1 depending upon whether
0 < s < 1 or s > 1. The behaviors of the Jacobian
and the dimensionless radial and hoop stresses are
qualitatively identical to those found in the displace-
ment problem, so we do not include plots of these
quantities.
To study the energetic basis for the existence of
defective states under soft-loading of the specimen,
we consider the total potential-energy,
G = 4πR3
∫ 1
0
ψ(r)r2 dr − 4πR
3σg3(1)
s
2
3
, (24)
of the system consisting of the specimen and the
loading device. Here, as before, ψ is given by
(16). In Figure 8, we plot the dimensionless total
potential-energy G/4πR3µ for a variety of choices of
the anisotropy s and the dimensionless load σ. Ad-
ditional plots of this surface for various choices of
ﬁxed σ is shown in Figure 9. For suﬃciently large
σ, this plot shows that the dimensionless total poten-
tial energy decreases as s decreases toward zero. It is
also interesting to note that in this case of soft load-
ing the potential energy attains a local minimum for
0.07 < s < 1.0 for smaller values of σ > 0.0. Thus, we
may again conclude that states involving hedgehogs
are energetically preferred.
5 Discussion
To take maximum advantage of the unique proper-
ties of nematic gels requires a thorough theoretical
understanding of their behavior. Here, we predict
the existence of hedgehogs in compressible nematic
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Figure 8: Surface plot of the dimensionless total
potential-energy G/4πR3µ for σ ranging between 0.0
and 0.04 and s ranging between 0.07 and 2.0.
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Figure 9: Plots of the dimensionless total potential-
energy G/4πR3µ for σ taking various values between
0.0 and 0.04 and s ranging between 0.07 and 1.2.
gels. We show that, in both hard- and soft-loading
of a spherical specimen, there is an energetic reason
for the material to manifest a hedgehog as opposed
to remaining isotropic as would a conventional gel.
Granted the importance of point defects in nematic
melts, we expect that hedgehogs and other point de-
fects may also be important in nematic gels.
This work hinges upon the assumption that the
molecular agglomeration A be uniaxial with constant
molecular anisotropy s. First, one might question the
assumption that the anisotropy s remains constant.
In particular, one might expect that s should tend
toward unity in the vicinity of a point defect. An
extension of our theory to account for such varia-
tions is straightforward. Following Fried and Todres
[18], such an extension would involve treating s as
a ﬁeld and considering a free-energy density depen-
dent upon not only F and n but also s, Grads, and
Gradn. If, in the context of the problem consid-
ered here, the kinematical assumptions (10) and (15)
were augmented by the requirement that s depend
at most on r, we would then be faced with a pair of
second-order ordinary diﬀerential equations for g and
s. Symmetry would dictate that the derivative of s
vanish at r = 0. In addition, one might impose the
natural boundary-condition requiring that the deriva-
tive of s vanish at r = 1. One might expect that the
resulting boundary-value problem would then yield a
solution with s equal to unity in a spherical neigh-
borhood surrounding the point defect, the dimension
of this core region being determined by the nematic
penetration depth
√
κ/µ, with κ the orientational-
splay modulus (arising from constitutive dependence
upon Gradn) and µ the shear modulus. In addition
to determining the dimension of the defect core, this
augmented theory would allow for a determination
of the energy contained in the core. It seems likely
that the volumetric variations that we observe near
the defect would be molliﬁed in such a theory. Apart
from questioning the assumption that s remains con-
stant, one might question the assumption that A re-
mains uniaxial. Speciﬁcally, we cannot rule out the
possibility that, for a spherical specimen deformed
or loaded in the manner considered here, there exist
point-defective states in which the molecular agglom-
eration is biaxial away from the defect and that such
states may be favored energetically over the uniaxial
states discussed here.
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